The topological structure of the power grid plays a key role in the reliable delivery of electricity and price settlement in the electricity market. Incorporation of new energy sources and loads into the grid over time leads to its structural and geographical expansion. This paper presents an intuitive analytical model for the spatio-temporal evolution of large grids and uses it to understand common structural features observed in grids across America. In particular, key graph parameters like degree distribution, graph diameter, betweenness centralities, eigen-spread, and clustering coefficients are used to quantify the model's benefits through comparison with the Western U.S. and ERCOT power grids. The most significant contribution of the developed model is its analytical tractability that provides a closed form expression for the nodal degree distribution observed in large grids. The discussed model can be used to generate realistic test cases to analyze topological effects on grid functioning and new grid technologies.
due to security reasons. From a topological perspective, there is thus a need to develop test cases that mirror the common trends in large grids around the world, and more so to provide an explanation for the temporal evolution of such common observations.
The impact of power grid topology on its reliable operation and control is well-known. The optimal placement of measurement devices like PMUs [3] , [4] and convergence of optimal power flow algorithms [5] depend on the structural characteristics of the grid. Similarly, the topology indirectly influences the vulnerability of the grid in cascading failure models [6] , [7] due to its involvement in Kirchhoff's laws and optimal power flow computations. Separate from this, references [8] [9] [10] [11] analyze the physical connections in the power grid as a complex network. They demonstrate that, connectivity (strictly in the graphical sense) following random or targeted removal of transmission lines is a function of the grid topology. In this context, it is worth mentioning that there is a body of work categorizing the degree distribution observed in the underlying network of large power grids. References [8] , [12] report the presence of exponential nodal degree distribution while considering power plants, substations, and 115 − 765 kV power lines of the North American power grid. The exponential degree distribution is also reported for the Western U.S. power grid in [13] . Cotilla-Sanchez et al. [14] suggest an exponential degree distribution in the Eastern, Western and Texas Interconnects in North America. A clear exponential tail distribution for the New York Independent System Operator (NYISO) is mentioned in [15] . Similarly, [17] [18] [19] mention an exponential degree distribution for power grids in several European countries, namely Italy, U.K., Ireland, Portugal, and for the entire connected component in the Union for the Co-ordination of Transmission Electricity, UCTE. It is thus fair to state that despite differing geographical shapes and terrains, power grids across America and Europe possess an exponential distribution or, in the least, an exponential tail for the nodal degrees. This distinguishes power grids from other studied networks like social networks that tend to have power-law/scale free distributions.
A. Prior Work
Several models for the power grid can be found in literature. Reference [20] presents the well-known small-world generative model where nodes get connected to neighbors in a ring lattice and links get rewired between nodes to 1949-3053 c 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
form the final graph. Reference [15] develops a model called RT-nested-Smallworld based on the Watts and Strogatz smallworld model. Nodes, in this model, lie on a ring lattice and are linked to their neighbors with some probability. These links are then rewired following a Markov chain to develop the final network. The model presented in [15] approximates the NYISO power grid well, though it requires several tunable parameters to obtain the optimal fit. This results in the model yielding limited intuition regarding the origin of the observed network structure. One major drawback of such generative models, from an explanatory viewpoint, is that they presume a static original network configuration. In reality, power grids are dynamic and evolve with time due to addition of new nodes (buses) and edges (transmission lines). Further the aforementioned model does not describe the spatial nature of the power grid with physical nodes distributed over a geographical area. In related work, networks demonstrating a power-law nodal degree distribution like the internet and airline network have been explained using the Barabasi-Albert model [21] . Reference [22] presents a modified generative model based on the Barabasi-Albert model for exponentially distributed networks. Here, new nodes enter the network and gets connected to existing nodes either randomly or with a probability that gives preference to nodes with higher degrees. Besides the absence of spatial nodal placement, this model is restrictive as it uses the principle of 'the rich gets richer' which clearly does not apply to power grids.
B. Contribution
The primary goal of this paper is thus to provide a spatiotemporal generative framework that intuitively explains the common topological trends observed in evolving grids and in particular, provides an analytical expression for the observed nodal degree distribution. To demonstrate the efficacy of our approach, we also compare important features including diameter, node and edge betweenness, spread of eigenvalues and graph clustering of our generative model with real grids, notably the Western U.S. [20] and the ERCOT grids [24] . To the best of our knowledge, this is the first attempt to model the ERCOT power grid's topology. Note that analytical models like ours, unlike detailed modeling and simulation tools, do not lead to an exact match for all characteristics but provides an accurate approximation with the additional benefit of mathematically tractability for important network measures [23] . Further, we highlight that this paper's goal is to model the grid topology alone. Addition of electrical properties to our modeling framework is a potential extension that will greatly aid its practical usage.
The next section presents the mathematical characterization of the empirical node degree distributions observed in two power grids in America. The generative framework for modeling the evolving grid is introduced in Section III along with the theoretical analysis of the resulting node degree distribution. The correctness of the nodal degree distribution is shown through comparison with two power grids, the Western U.S. and ERCOT grids, in Section IV. The diameter calculations for our generative model for different sizes of the network are discussed in Section V. It is followed by a comparison of the node and edge centrality measures between real grids and generated networks in Section VI. The distribution of node clustering coefficients and spread of eigen-values for the available power grids are presented in Sections VII and VIII respectively. Finally, concluding remarks are summarized in Section IX.
II. CHARACTERIZING THE EMPIRICAL NODE DEGREE DISTRIBUTION
Structurally, the power grid is a graph with nodes representing the buses in the grid and edges representing the transmission lines connecting the buses. As mentioned in the Introduction, power grids across the world have been reported to have node degree distributions that have exponential tails. We consider three power grids in this paper, and evaluate the node degree distributions of their representative networks. Fig. 1(a) shows the node degree distribution of the reduced Western U.S. electrical power grid (Western Interconnection), which has 4941 nodes and 6594 edges. The nodes in the grid here represent generators, transformers and substations, while the edges represent high-voltage transmission lines in fourteen Western states [20] . The second network we consider is the power grid under the Electric Reliability Council of Texas (ERCOT) [24] . Overall, the ERCOT grid has around 40, 500 miles of high-voltage transmission lines that connect more than 550 generation units and serves 90% of the load in the state of Texas. The connected graph here has 5514 nodes and 6522 edges. Its node degree distribution is presented in Fig. 1(b) .
We observe that for either power grid, the probability mass function (p.m.f.) of the degree distribution has a significant exponential tail. Additionally, we note that each considered degree distribution increases in value over a short interval preceding the exponential tail. The same trend has been reported for the NYISO power grid in [15] , where the increase at the beginning has been called a 'kink'. We also confirm the presence of a 'kink' and exponential tail in the Polish grid, whose network data is available with Matpower [16] as well as in IEEE test cases [2] . Note that this specific feature (initial increase followed by an exponential tail) is true for all the mentioned grids, despite the fact that some of them represent reduced systems for high voltage transmission networks. Due to the presence of this initial interval of increase, the node degree distribution in the power grid deviates from an exact exponential function. As elucidated in Figs. 1(a) and 1(b), the empirical degree distribution is best fit by a shifted sum of exponential distributions characterized below:
where d denotes the degree of a node and w i and k i are normalizing constants and degree shifts associated with each exponential. In the next section, we present our generative model that produces temporally evolving networks with degree distributions similar to that of real grids.
III. GENERATIVE MODEL FOR POWER GRID NETWORK
A brief note on notation: we use P(.) to denote the probability of an event, and E(.) to denote expectation. δ(.) represents the dirac delta function, α = 1 − α and I(.) the indicator function.
We show in the previous section that power grids possess an degree distribution that can be represented by a sum of shifted exponentials. Our goal here is to explain it using a temporallyevolving generative model based on the framework of 2-D spatial point process theory. In our model, N total nodes are placed one at a time in space according to a two dimensional Poisson point process P λ with density λ. Here, edges/links between nodes are formed when a new node is placed into the system. The new node connects to K of its nearest preexisting nodes in the network, where K is a parameter given by an integer-valued random variable with known distribution. The growth step captures the expansion of power grids over time due to the creation of new buses and resulting transmission lines. The parameter K here represents the tendency of new nodes to form multiple connections to build robustness against failures in the physical network. The selection of 'nearest neighbors' for edge formation minimizes the costs of building transmission lines which require significant investment in real estate and copper. We now, prove that our model of network growth provides the appropriate shifted-exponential degree distribution observed in real power grids.
A. Analysis of the Degree Distribution of the Generative Model
We represent the overall geographical area covered by the grid by a sufficiently large area R. The network evolution in our generative model takes place in discrete time steps with one new node being born at each step in R. The nodes are numbered in the order of their creation with the firstborn node numbered as 1. From the network growth process described in Section III, it is clear that a new node born at time t connects to an existing node a present in R if its location (chosen randomly) lies within a's 'Region of Influence' (R at ) -the area within R at time t such that for every point b within that area, node a is amongst the K nearest neighbors of b. For K = 1 (new nodes link to their nearest neighbors), the regions of influence of existing nodes are given by a first order Voronoi tessellation [25] of R. Fig. 2 depicts the regions for 20 random node locations selected within a square area R, with distances measured in Euclidean terms.
For K > 1, the regions of influence are given by overlapping K th order Voronoi-regions. The analysis of the degree distribution in the evolving network thus follows from the evolution of K th order Voronoi-regions defined by the existing nodes in R. Closed form expressions for higher order (K > 1) Voronoi-regions seldom arise. Further, edge-effects make the Voronoi-regions of nodes placed near the boundary of R deviate from that of nodes placed further interior. To overcome both these issues, we use an approximate mean-field framework [26] for our analysis instead. This technique involves replacing the dynamics of a single node at each step with the average dynamics of the entire system and ignores edge effects.
We first consider the case where K (number of links formed by the new node) is a constant at k. We first form a complete graph with the first (k + 1) nodes. Each new node born after this forms edges with its nearest k nodes and gets a degree of k. Thus, the minimum degree in the grid is k. Let N(m, t) denote the average number of nodes of degree m at time t. At time t + 1, N(m, t) increases if the new node born into the system connects with nodes of degree m − 1, and decreases if the new node links with nodes of degree m. Now the probability of forming an edge to a node of degree m is proportional to the cumulative area under regions of influence of nodes of degree m. Note that at each time step, the expected areas of the k th order Voronoi-regions of all existing nodes depend only on their positions (which are selected randomly) and not on the order of their arrival into the system. Consequently, each existing node has the same expected area of 'region of influence'. Thereby the expected cumulative area of the regions of influence of nodes with degree m is proportional to the fraction of nodes with degree m. The average increase in the number of nodes of degree m at a time step is thus given by the following relation
. For large t, again using [27, Lemma 4.1.2], we obtain
The average fraction of nodes n(d) with degree less than d, where d ≥ k, is given by
Thus, the cumulative distribution function converges to an exponentially decaying function at large values of d for constant K. Next, we analyze the case where parameter K is an integer valued bounded random variable with known distribution. Let K take two values, k 1 and k 2 with probability α and α respectively. Thus, K has a mean of μ K = αk 1 + αk 2 where α = 1 − α. Note that μ K represents the average number of edges formed at each time step by a new node. The temporal evolution in expected number of nodes of degree m, N(m, t + 1) is then governed by the following equation:
As a fraction α of new nodes form k 1 links, we have
For large t, using (3), this becomes
For k 1 < m < k 2 , at large t, using (4), we have
Similarly, for m = k 2 , at large t,
Finally, for m > k 2 , for large t, using the same method we get:
Using Equations (7), (8), (9) and (10), the fraction of nodes n(d) with degree less than d is given by
Using an identical approach, it is clear that if K takes values k i with probability α i respectively over some range of i's, the nodal degree distribution is given by a weighted shifted sum of exponentials:
1) Validity of Mean-Field:
We now discuss the correctness of using a mean-field model to approximate the degree distribution in our analysis of the generative model. We first construct a random variable Z(m, t) to represent the actual number of nodes of degree m at time t. Let the locations of incoming nodes in the system be given by y 1 , y 2 etc. beginning with the first node. We can then obtain a martingale Z i (m, t) as follows:
Note that the average number of nodes of degree m at time t,
where k max is the maximum value that K can take. Using the Azuma-Hoeffding's inequality [27] for martingale convergence, we have
Thus, a mean-field approximation converges to the actual degree distribution. To elucidate our analysis, we present Fig. 3 which include the degree distribution for a network given by our generative model with parameter K taking 3 possible values with known probabilities. We see that the degree distribution is correctly fit by the expression given in Equation (12). This demonstrates the accuracy of the mean-field result for our generative model. Further it is worth noting that the nodal degree distribution of the generative model has an initial rising component followed by an exponential tail, similar to the common trend observed in degree distributions of real power grid networks. In the next section, we use our generative model to fit real power grid data.
IV. COMPARING REAL POWER GRIDS WITH GENERATIVE MODEL
We look at the two power grid networks described in Section II and model them using our generative framework. To model the Western U.S. electric power grid (4941 nodes and 6594 edges), the parameter K in the generative model is given values of 1, 2 and 12 with probabilities .54, .45995 and .00005 respectively. Fig. 4(a) shows the comparison between the degree distribution of the Western U.S. electric power grid and the average degree distribution of a network with equal number of nodes simulated using our generative model. Similarly, we model the ERCOT power grid (5514 nodes and 6522 edges) using our generative model where parameter K takes values of 1, 2 and 12 with probabilities .75, .24994 and .00006 respectively. Fig. 4(b) shows the comparison of degree distributions for this case. Note that in either case, the support of K has a size of 3, where K takes the largest value (> 10) with very lower probability (< 10 −3 ). This large value in K's support models the few critical nodes in the grid that have degrees much greater than the remaining nodes.
The preceding theoretical analysis, simulation results and fitting with real grid data signify that our intuitive generative framework is able to model the distribution of nodal degrees while preserving mathematical tractability. Next we look at other important parameters that affect the grid's functioning and compare trends seen in real data with our generative model. We use 'MatlabBGL' [28] library for Matlab to generate our plots.
V. DIAMETER OF THE NETWORK
The diameter of a graph is the number of hops (graph edges) in the longest route between any two nodes in the graph. A small diameter in any network, including that of power grids, is related to the prevalence of nodes with high degrees as well as the presence of graph cycles. In general, the scaling of the diameter of the power grid network with the number of nodes is hard to quantify due to varying topological constraints and geographical boundaries that affect connectivity in the network. Fig. 5(a) presents the average diameter observed in power grids with comparable average nodal degree as presented in [14] and [15] . Note that the average diameter of the network scales with the logarithm of the number of nodes. The diameter of networks given by our generative model for different values of N (number of nodes) and K (number of connections per incoming node) is shown in Fig. 5(b) . We observe a logarithmic scaling between the diameter and the network size for our generative model, that is similar to trends observed in power grids.
VI. BETWEENNESS CENTRALITY OF THE GENERATIVE MODEL
In this section, we compare the betweeness centrality of graphs given by our generative model with that of available power grid graphs. Betweenness centrality for a node i (denoted by l i ) or an edge e im (denoted by l im ) in a graph measures the number of shortest paths (with minimum number of hops) in the graph that pass through that node or edge respectively [17] . For an undirected graph with N nodes, betweenness centralities of every node and edge are given by:
n jk betweenness centrality for node i
l im = j,k =i,m n jk (im) n jk betweenness centrality for edge e im (15) Here n jk is the total number of shortest paths between nodes j and k while n jk (i) is the number of shortest paths between j and k that include node i. Similarly, n jk (im) denotes the number of shortest paths between j and k that pass through edge e im . Higher value of betweenness centrality for a node or an edge indicates its greater relevance to the connectivity in the network [17] . We plot the complementary cumulative distribution functions (c.c.d.f.s) of node and edge betweenness centralities (L) for Western U.S. power grid in Figs. 6(a) and 6(b). For each betweenness centrality measure, we also plot the average c.c.d.f. obtained from a similar sized network given by our generative model. It is evident from the plots that our generative model accurately predicts both the node and edge betweenness centralities for the Western U.S. power grid. Next we consider the ERCOT power grid. We show the c.c.d.f.s of its edge and node betweenness centralities in Figs. 7(a) and 7(b) respectively and compare them with the corresponding centrality measures of networks given by our generative model. We observe that our generative model induces centrality characteristics that closely resemble that of the ERCOT grid. Note that, to model the two power grids, our generative model uses values of parameter K mentioned in Section IV.
VII. NODE CLUSTERING OF THE GENERATIVE MODEL
Now, we look at the clustering of nodes in networks simulated with our generative model. This refers to the phenomenon where neighbors of a node have links with one another leading to the formation of clusters. One of the distinguishing features of social and physical networks is that the clustering observed in them is higher than that of Erdös-Rényi random graphs. Here, we focus on the node clustering coefficient and compare its distribution for power grid graphs and those generated by our generative model. Mathematically, the clustering coefficient for a node in graph G is defined as C i = π i / i where π i is the number of edges that exist between neighbors of node i and i are the total number of edges that can be formed using i's neighbors. Clearly, i is given by d i (d i − 1)/2 where d i is the degree of node i. The maximum value of the clustering coefficient is 1, and attained for nodes that form cliques (complete clusters) with their neighbors. Fig. 8(a) shows the distribution of clustering coefficients in the Western U.S. power grid and that obtained on average for similar sized networks produced by our generative model. The comparison for the clustering coefficient distribution of the Texas power grid under ERCOT is given in Fig. 8(b) . Note that the clustering coefficient given by our generative model is similar to that observed in real grids, though the performance is more pronounced for the ERCOT power grid.
VIII. EIGEN-SPREAD OF THE GENERATIVE MODEL
Eigenvalues of the adjacency matrix of a graph is a key connectivity parameter. Among others, the eigen-spread controls network processes like SIS infection propagation [1] , [29] , [30] which have been used to study the propagation of frequency oscillations [31] . Similarly, the eigen-spread of the adjacency network affects the graph connectivity in the grid following topological removal of lines [11] . In Figs. 9(a), 9(b), we plot the magnitude of the largest five largest eigenvalues of the adjacency matrix of power grid networks in Western USA and ERCOT respectively and compare them with averaged observations in similar sized networks given by our generative model. Though the general trend is similar, we note that our model needs further improvement in simulating the largest eigenvalue in the considered power grids. We plan to study the structural changes needed to model this in future work.
IX. CONCLUSION
This paper studies the topological characteristics of large power grids, specifically the Western U.S. and ERCOT power grid, and presents an intuitive and analytical generative model for their physical networks. The model simulates the growth of power grids as a temporally evolving point process where cost effective transmission lines are built to connect new nodes for reliable delivery of electricity. Through analysis and simulations, it is shown that the nodal degree distribution produced by the generative model is a weighted sum of shifted exponentials that matches with the observed degree distributions in several American and European power grids. The framework thus presents the first model to utilize the spatiotemporal evolution of the power grid to derive an analytical expression for the nodal degree distribution. The efficacy of the generative model is further demonstrated by comparing several graph features, namely graph diameter, node and edge betweenness centralities, spread of eigen-values and clustering coefficients, of real grids with that of similar sized simulated networks. The similarities in characteristics signify that the generative model can be used to theoretically study common topological attributes in large power grids and derive analytical results to quantify their functioning and robustness. Incorporating additional features of the power grid, specifically electrical properties of nodes and lines into our generative model without sacrificing mathematical tractability is the focus of our future research in this domain.
